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Abstract 

Let R be a finite commutative ring. The unitary Cayley graph of R, denoted Gr, is the 
graph with vertex set R and edge set {{a, b} : a, b G R, a — b G R x }, where R x is the set of 
units of R. An r-regular graph is Ramanujan if the absolute value of every eigenvalue of it 
other than ±r is at most 2\/r — 1. In this paper we give a necessary and sufficient condition 
for Gr to be Ramanujan, and a necessary and sufficient condition for the complement of Gr 
to be Ramanujan. We also determine the energy of the line graph of Gr, and compute the 
spectral moments of Gr and its line graph. 
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1 Introduction 

The adjacency matrix of a graph is the matrix with rows and columns indexed by its vertices such 
that the (i, j)-entry is equal to 1 if vertices i and j are adjacent and otherwise. The eigenvalues 
of a graph are eigenvalues of its adjacency matrix, and the spectrum of a graph is the collection 
of its eigenvalues together with multiplicities. If Ai, A2, • • • , A& are distinct eigenvalues of a graph 
G and mi,m2, ■ ■ ■ , nik the corresponding multiplicities, then we denote the spectrum of G by 



Spec(G) 



Ai ... \k 
mi ••• m k 



Let R be a finite ring with unit element 1^0, and let R x denote its set of units. The unitary 
Cayley graph |8,9] of R, Gr = Cay(R, R x ), is defined as the Cayley graph on the additive group 
of R with respect to R x ; that is, Gr has vertex set R such that x,y € R are adjacent if 
and only if x — y G R x . It is evident that Gr is a \R X [-regular undirected graph. Unitary 
Cayley graphs were introduced in [HE], and their properties were investigated in [T] [201122]. 
and [6,18 j2T]l28j in the special case when R = %jn7L. For example, in [2T] the chromatic number, 
clique number, independence number, diameter, vertex-connectivity and perfectness of Gi/ n i 
are determined. In [1], the diameter, girth, eigenvalues, vertex-connectivity, edge-connectivity, 
chromatic number, chromatic index and automorphism group of Gr are determined for an 
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arbitrary finite commutative ring R, and all planar graphs and perfect graphs within this class 
are classified. The chromatic number, clique number and independence number of Gr are also 
given in [22] along with other results. In (6j, all unitary Cayley graphs G^/ n z that are Ramanujan 
are classified. 

A finite r-regular graph G is called Ramanujan j!6U24| if A(G) < 2y/r — 1, where X(G) is the 
maximum in absolute value of an eigenvalue of G other than ±r. This notion arises from the 
well known Alon-Boppana bound (see [SJ Theorem 0.8.8]), which asserts that liminfj_ s . 00 A(Grj) > 
2\/V — 1 for any family of finite, connected, r-regular graphs {Gi}i>± with |V(Gj)| — > oo as 
i — > oo. Over many years a great amount of work has been done on Ramanujan graphs with an 
emphasis on constructions of infinite families of Ramanujan r-regular graphs for a fixed integer 
r. The reader is referred to [5] and two survey papers [161 124] on Ramanujan graphs and related 
expander graphs. 

The k-th spectral moment of a graph G with n vertices and with eigenvalues Ai, A2, . . . , A n 
is defined as 

n 

s k (G) = J2*t 

i=l 

where k > is an integer. The energy of G is defined as 

n 

E(G)=Y,\*i\- 

i=l 

Spectral moments are related to many combinatorial properties of graphs. For example, they 
play an important role in the proof by Lubotzky, Phillips and Sarnak [19] of the Alon-Boppana 
bound. And the 4th spectral moment was used in [26] to give an upper bound on the energy of 
a bipartite graph. 

The energy of a graph was introduced in [12] in the context of mathematical chemistry. Since 
then it has been studied extensively; see [^[l^[l31[l^[2T)l[2^[27H3nl[32] for examples. The energy 
of the unitary Cayley graph G Z/ / nZ was obtained in [T81[28], and that of its complement in [15] . 
This was generalized by D. Kiani et al. [20] to Gr for an arbitrary finite commutative ring R. 

The main results of the present paper are as follows. First, we give a necessary and sufficient 
condition (Theorems 13.11 and I3.2|) for the unitary Cayley graph of any finite commutative ring 
to be Ramanujan, and a necessary and sufficient condition (Theorems 14.11 and 14. 2\i for the 
complement of such a graph to be Ramanujan. Second, we determine completely the energy 
of the line graph of Gr for an arbitrary finite commutative ring R (Theorem 15. ip . Thirdly, we 
compute the spectral moments of Gr and its line graph (Theorem 16. ip for an arbitrary R. 

In the special case when the ring considered is Z/nZ, Theorems 13.11 and 13.21 recover (see 
Corollary 13. 3p the classification [6] of Ramanujan unitary Cayley graphs G%/ n %. We would like 
to point out that, although we obtain interesting infinite families of Ramanujan graphs in this 
way, they are not of fixed degrees. This is expected because it is known (see e.g. [22]) that 
for any given r it is impossible to construct an infinite family of r-regular Cayley graphs on 
abelian groups which are all Ramanujan. As pointed out in [BJ, despite the fact that the theory 
of Ramanujan graphs is focused on infinite families of Ramanujan graphs with a fixed degree, 
constructions of infinite families of Ramanujan graphs of non-fixed degrees are also of some 
interest. 
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The rest of this paper is organised as follows. In the next section we collect some known 
results that will be used in subsequent sections. In Sections [3] and [H we give characterisations 
of Ramanujan unitary Cayley graphs and Ramanujan complements of unitary Cayley graphs, 
respectively. In Section [S] we determine the energy of the unitary Cayley graph of any finite 
commutative ring. We finish the paper with a brief discussion on the spectral moments of 
unitary Cayley graphs. 



2 Preliminaries 



A local ring [2] is a commutative ring with a unique maximal ideal. It is readily seen [21E] that, 
if R is a local ring with M as its unique maximal ideal, then R x = R\M. It is well known [2j[7] 
that every finite commutative ring can be expressed as a direct product of finite local rings, and 
this decomposition is unique up to permutations of such local rings. Throughout the paper we 
assume the following: 

Assumption 2.1. R = R\ x R 2 x • • • x R s is a finite commutative ring, where Ri is a local ring 
with maximal ideal Mi of order mi, 1 < i < s. We assume 

\Ri\/mx < \R 2 \/m 2 < < \R s \/m s . 

It is known [1] that Gr = (df = iGR i is the tensor product of Gr x , . . . , Gr s . (The tensor 
product G <S> H of two graphs G and H is the graph with vertex set V{G) x V(H), in which 
(u, v ) is adjacent to (x, y) if and only if u is adjacent to x in G and v is adjacent to y in H .) 
The degree of Gr is equal to 

i^ x i = na^i - m) = f[m am/mi) - 1) = \r\ f[U- ■ m 

i=l i=l i=l ^ I-"*!/ */ 



Define 



Ac = (-1) |CI 



for every subset C of {1, 2, ... , s}. In particular, A0 = |i? x |, and if s = 1 then A^} = — m, where 
m is the order of the unique maximal ideal of R. 

Proofs of our results rely on knowledge of the spectra of Gr, stated as follows. 

Lemma 2.2. [20] The eigenvalues o/Gr are 

(a) Ac, repeated Y\j € c \Rj\/ m j ^mes, where C runs over all subsets of {1,2, . . . ,s}; and 

(b) with multiplicity \R\ — TTf_ 1 I 1 H — ) . 

V m i J 

In particular, if R is a finite local ring and m is the order of its unique maximal ideal, then 
„ ,„ , ( \B\-m -m \ ( |A X | -m \ 
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Remark 1. It may happen that Ac = Ac' for distinct subsets C,C of {1,2, . . . ,s}. In fact, 
this occurs if and only if \Rj\ = 2m j for every j € (C \ C) U (C \ C). Thus, in (a) above 
the multiplicity of the eigenvalue Ac may be greater than IljeC \^j\l m r For example, the 

multiplicity of the largest eigenvalue |i? x | of Gr is equal to Ylc {j\jeC l-^j > wnere the 

sum is running over all C such that |C| is even and \Rj\ = 2m j for every j £ C. 

The following result was used in the proof [2D] of Lemma 12.21 It will be needed in our 
computing of the spectral moments of Gr. 

Lemma 2.3. [H Theorem 2.5.4] Let G and H be graphs with eigenvalues Ai, A2, . . . , A n and 

fj,l,fj-2, • • • , fJ-m, respectively. Then the eigenvalues of G <g> H are Xi/J,j, 1 < i < n, 1 < j < m. 

The complement G of a graph G is the graph with the same vertex set as G such that two 
vertices are adjacent in G if and only if they are not adjacent in G. 

Lemma 2.4. [1 1|,I33J Let G be an r-regular graph with n vertices. Then G and G have the 
same eigenvectors, and their largest eigenvalues are r and n — r — 1 respectively. Moreover, if the 
eigenvalues of G are r, A2, ■ ■ ■ , A n , then the eigenvalues of G are n — r — 1, — 1 — A2, . . . , — 1 — A„. 

Lemmas 12.21 and 12.41 together imply the following result. 

Corollary 2.5. The eigenvalues ofGn are 

(a) |J?| - 1 - \R y 



(b) —Ac — 1, repeated Wj^c \/ m j ^ mes ? where C runs over all nonempty subsets of 
{1,2,..., s}; and 

(c) —1 with multiplicity \R\ — YV i= i I 1 H — ) ■ 

In particular, if R is a finite local ring and m is the order of its unique maximal ideal, then 

Spec(G R ) = ( m M 1 M j . 

The line graph C[G) of a graph G is the graph with vertices the lines of G such that two 
vertices are adjacent if and only if the corresponding lines have a common end- vertex. It is well 
known [31] (see also [H Theorem 2.4.1]) that, if an r-regular graph G of order n has eigenvalues 
Ai, A2, • • • , A n , then the eigenvalues of C{G) are Aj + r — 2, for i = 1, 2, . . . , n, and —2 repeated 
n(r — 2)/2 times. This together with Lemma 12.21 implies the following result. 

Corollary 2.6. The eigenvalues of £(Gji) are 

(a) Ac + |-R x | — 2, repeated Y\j &c \R^\/mj times, where C runs over all subsets of {1,2, s} ; 

(b) |i? x | — 2 with multiplicity \R\ — Ylt=i I 1 "I ~ )/ an d 

(c) -2, repeated \R\ (\R X \ - 2) /2 times. 
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In particular, if R is a finite local ring and m is the order of its unique maximal ideal, then 

( 2\R x \-2 \R x \-m-2 \R x \-2 -2 \ 

SP6C(£(Gr))= 1 ^ m + l)(m-l) \R\(\R*\-2)/2 • 



Remark 2. The multiplicity of the eigenvalue —2 of C(Gr) can be greater than |i?|(|i? x | — 2)/2, 
and this happens if and only if there exists at least one subset C of {1, 2, . . . , s} with \C\ odd 
such that Iljec \Rf\/ m j = 1- 

Lemma 2.7. [TJ Proposition 2.1] Let R be a finite local ring and m the order of its unique 
maximal ideal. Then there exists a prime p such that \R\, m and \R\/m are all powers of p. 



Let 



n = pTP? ■■■P c s 



be the canonical factorization of an integer n into prime powers, where p\ < p2 < • • • < p s are 

s 

primes and each a, > 1. The Euler's totient function is defined by (p(n) = nf\ (1 — (l/pt)). 

8=1 

Lemma 2.8. [18] Let n be as above. If s > 3 or s = 2 and p\ > 2, then 

2 s - 1 ip{n) > n. 



3 Ramanujan unitary Cayley graphs 

In this section we characterise Ramanujan unitary Cayley graphs, as stated in the following two 
theorems. 

Theorem 3.1. Let R be a finite local ring with maximal ideal M of order m. Then Gr is 
Ramanujan if and only if one of the following holds: 

(a) \R\ = 2m; 

(Tfl \ ^ 

— + lj and m / 2; 

Proof. Recall that Gr is regular of degree |-R X |, and that R x = R\M as R is local. Note 
that \R\ > 2m. If \R\ = 2m, then by Lemma E21 



Spec(G/j) = 




and so Gr is Ramanujan. 

Assume \R\ > 2m. Then Lemma 12.21 implies that Gr is Ramanujan if and only if m < 
2^J\R X | — 1, or equivalently, \R\ > ((m/2) + l) 2 . Note that we always have ((m/2) + l) 2 > 2m, 
with equality precisely when m = 2. In the case when m = 2, it is well known [10] that either 
R = Z 4 or R ^ Z 2 [X]/(X 2 ). In either case we have \R\ =4, which contradicts \R\ > 4. □ 



Theorem 3.2. Let R be as in Assumption \2.1\ with s > 2. Then Gr is Ramanujan if and only 
if R satisfies one of the following conditions: 
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(a) Ri/Mi^¥ 2 fori = l,...,s; 

(b) Ri = F 2 for i = 1, . . . , s — 3, and Ri = F3 for i = s — 2, s — 1, s; 

(c) ifc ^ F 2 for i = 1, . . . , s - 3, R4 9* F 3 /or i = s - 2, s - 1, and ^ F 4 ; 

(d) ^ F 2 for i = 1, . . . , s - 3, and R4 9* F 4 for i = s - 2, s - 1, s; 

(e) /fc F 2 /or i = 1, . . . , s - 2, R s _ x F 3 , and R s Z 9 or Z 3 [X]/(X 3 ); 

(f) Ri Z 4 or Z 2 [X]/(X 2 ), Ri F 2 /or i = 2, . . . , s - 2, and R s - X ^ ¥ qi , R s ^ ¥ q2 for some 
prime powers qi,q2 > 3 sitc/i i/iai 



gi 



< g 2 < gi + ^(91-2)91; (3.1) 



(g) Ri = ¥2 for i = 1, . . . , s — 2, and R s -\ = ¥ qi , R s = ¥ q2 for some prime powers q±, q 2 > 3 
such that 

qi<Q2<2 (01 + \/(gi - 2)gi) - 1; (3.2) 

(h) Ri/Mi = ¥2 for i = 1, . . . , s — 1, R s /M s = ¥ q for some prime power q > 3, and 

n^< 2 (g- 1 + v / (g-2)g). (3.3) 
t=i 

Proof. Note that |i2i|/mj > 2, 1 < i < s, and the degree of Gr is given in (|2.ip . 

Case 1: \R\\/mi = |-R 2 |/m 2 = • • • = \R s \/m s = 2. In this case all non-zero eigenvalues of Gr 
have absolute value |Ac| = |i? x | = |i?|/2 s , which implies that Gr is Ramanujan, as claimed in 
(a). 

Case 2: There exists at least one j £ {1, 2, ... , s} such that \Rj\/mj > 2. Let t + 1 be the largest 
j such that this occurs, so that < t < s and 

2 = |i?i|/mi = • • • = |i? t |/mi < |^ + i|/m t+ i < < |i? s |/m s , (3.4) 

where by convention if t = then all |i?j|/mj > 2. Since Gr is |i? x [-regular, it is Ramanujan if 
and only if |A C | < 2^J\R*\ - 1 for all eigenvalues A c + ±|i? x | of Gr. Note that |A C | < |-R X | is 
maximized if and only if Iljec (l^il/ m i ~~ ^) ^ s minimized. If C C {1, . . . then |Ac| = |-R X |. 
If C D {£ + 1, . . . , s} 7^ 0, then |Ac| = | ^cn{t+i,...,s}\ < |A{t+i}|- Thus is Ramanujan if and 
only if |A{ t+ i}| < 2y / \R x \ — 1, that is, 

\R X \ 



(\R t+1 \/m t+1 )-l 



< 2^\R X \ - 1. (3.5) 



Since 2y / |i? x | — 1 < 2y / |i? x |, this condition is not satisfied unless 

\R X \ <4((\R t+1 \/m t+1 )-l) 2 . (3.6) 

In particular, if s > t + 4, then |i? x | > n^t+l ((I^IM) " x ) > 4 ((1-Rt+ilM+i) " I) 2 by J2U 
and (|3.4p . and hence Gr is not Ramanujan. It remains to consider the case where s — 3 < t < s. 
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Case 2.1: s = t + 3. In view of (|2.ip . in this case (|3.6p is mounted to 

t+3 

J]"^ ((\Rt+2\/m t+2 ) - 1) ((|^ +3 |M +3 ) - 1) < 4((|i? t+1 |/m t+1 ) - 1) . 

i=l 

Note that if Ultl 

rrii > 2 or \Rt+3\/mt+3 > 5, then this condition is not satisfied and hence 
Gr is not Ramanujan. Now we assume Jli=i m i = 1 an d I Rt+3 \/ m t+3 < 4. Then one of the 
following occurs: (i) |i? t+ i| = \Rt+2\ = I -Rt+3 1 = 3; (ii) \Rt+i\ = | -Rt+2 1 = 3 and \Rt+3\ = 4; (iii) 
\R t +i\ = \Rt+2\ = | -Rt+3 1 = 4; (iv) \R t +i\ = 3 and \R t +2\ = I -Rt+3 1 = 4. In cases (i)-(iii), ([33]) 
is satisfied and so Gr is Ramanujan as claimed in (b), (c) and (d); whilst in (iv), (|3.5p is not 
satisfied and so Gr is not Ramanujan. 

Case 2.2: s = t + 2. In this case (|3.6|) is mounted to 

t+2 

J]^ ((|i? t+2 |/m t+2 ) - 1) < 4 ((\R t+1 \/m t+ i) - 1) . 

Thus, if Yli=i m i — then Gr is not Ramanujan. Assume Jli=i m « — 3 in the sequel. 
Case 2.2.1: n^=i m « = 3- Then (|3.5p is mounted to 

3((|i? i+2 |/m t+2 ) - 1) < 2 x /3((| J Rt+i|M +1 ) - l)((|^ t+2 |M +2 ) - 1) - 1, 

which is equivalent to 

\R t+ 2\/m t+2 < | ((|^ +1 |/m m ) + Vld^t+ilM+i) - 2){\R t+l \/m t+l )) + 1 (3.7) 

Note that by Lemma [2.71 and (|3.4p . we have mi = 1, 1 < i < t, and (mt+i, nit+2) = (1,3) 
or (3,1). It is well known [10] that Z9 and 1,^[X]/(X 3 ) are the only local rings whose unique 
maximal ideal has exactly three elements. Thus, one of the following holds: (i) Rt+i — F g , and 
R t+2 = %9 or Z 3 [X]/(X 3 ); (ii) R t+1 =i Z 9 or Z 3 [X]/(X 3 ), and R t+2 = ¥ g , where q > 3 is a prime 
power. In case (i), by (|3.4p . we have g = 3, and as stated in (e), Gr is Ramanujan since fj3.7|) is 
satisfied. In case (ii), (|3.7p is satisfied only when q = 3, and in this case Gr is Ramanujan as 
stated in (e). 

Case 2.2.2: n*± \ m i = 2 - Then is mounted to 

(|i? 4+2 |/m t+2 ) - 1 < y/2((\Rt +1 \/m t+1 ) - l)((\R t+2 \/m t+2 ) - 1) - 1, 
which is equivalent to 

\R t+2 \/m t+2 < (\R t+1 \/m t+1 ) + v / ((| J R m |/m t+1 ) - 2)(| J R m |/m m ). (3.8) 

Similar to Case 2.2.1, we have, say, mi = 2 and mj = 1, 2 < i < s (note that in this case 
t > 1). Since Z4 and Z 2 [X]/(X 2 ) are the only local rings whose unique maximal ideal has order 
two [ID], we have Ri =i Z 4 or Z 2 [X]/(X 2 ), Ri = ¥ 2 ,2 <i <t, R t+1 =i ¥ Ql and R t+2 = ¥ q2 , where 
Qi, Q2 > 3 are prime powers. By (|3.8|) . if gi < q 2 < q\ + (gi — 2)gi, then is Ramanujan as 
claimed in (f). 
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Case 2.2.3: n*±i m * = 1- Then a11 R i are finite fields - Thus ' R i - F 2, 1 < * < t, R t +i = ¥ qi 
and Rt+2 — ¥ q2 , where qi > q\ > 3 are prime powers. By ()3.5|) . Gr is Ramanujan if and only if 

Q2 — 1 < 2-y/ (gi — 1) (g2 — 1) — li which is equivalent to qi < 2 ^gj + ^/ (gi — 2)gi^ — 1, yielding 

(g)- 

Case s = t + 1. Then Ri/Mi = F 2l 1 < t < t, R t+ i/M t+1 S F„ and |i? x | = n*=i mi(g - 1), 
where g > 3 is a prime power. Thus ((33} is mounted to n*ii m « < 2 (<? ~ 1 + V(l ~ 2 )<?) > and 
in this case is Ramanujan as stated in (h). □ 



Remark 3. (a) It is known pQ that, if R is a local ring with maximal ideal M, then Gr is a 
complete multipartite graph whose partite sets are the cosets of M in R (in particular, Gr is a 
complete graph when |M| = 1). Thus, since Gr = ®| = iGr 4 , in each case of Theorem 13.21 Gr is 
a tensor product whose factor graphs are complete or complete multipartite. 

(b) It is well known [21] that for an r-regular graph G the multiplicity of r as an eigenvalue 
is equal to the number of connected components of G. Thus Gr in Theorem 13.11 is always 
connected. In Theorem 13.21 Gr is connected if and only if there is at most one factor Ri such 
that Ri/Mi = F 2 . In particular, Theorem 13.21 gives four infinite families of connected Ramanujan 
graphs: (i) C4® K qi ® K q2 , with 01,02 > 3 prime powers satisfying (|3.1|) ; (ii)-(iii) K2®K qi (&K q2 
and K qi <g> K q2 , with q±,q2 > 3 prime powers satisfying (|3.2|) ; (iv) K mi>mi <g> K m2> ,„ >m2 , where 
K m 2,...,m 2 has q parts for a prime power q, and mirri2 < 2(g — 1 + y/(q — 2)g). 

Let n = p^p^ 2 • • • s be the canonical factorisation of an integer n, where p\ < P2 < ■ ■ ■ < p s 
are primes. It is well known (see e.g. [7]) that 

Z/nZ S (Z/p^Z) x (Z/p° 2 Z) x • • • x (Z/p^Z), 

where each i?j = Z/p"'Z is a local ring with unique maximal ideal Mj = {pij/ip" 1 ) of order 
mj = = m the special case where -R = Z/nZ, Theorems 13.11 and 13.21 together imply 

the following known result. 

Corollary 3.3. [61 Theorem 1.2] Let n = p^p^ 2 • • -p"" fre as above. Then Gx/ n z ^s Ramanujan 
if and only if one of the following holds: 

(a) n = 2 ai with «i > 1; 

(b) n = p" 1 with pi odd and ol\ = 1, 2; 

(c) ?i = 4p 2 p 3 u>ii/i p 2 < P3 < 2p 2 - 3; 

(d) n = P1P2 with 3 < pi < P2 < 4pi — 5, or n = 2p2P3 wi/i 3 < P2 < P3 < 4p2 — 5; 

(e) n = 2p|, 4p^ with P2 odd, or n = 2 ai p2 with P2 > 2 ai ~ 3 + 1. 

Proof. If n = 2 ai , then i?i = Z/2 ai Z, |i?i|/mi = 2, and G%i n % is Ramanujan by (a) of 
Theorem 13.11 

If n = p" 1 with pi odd, then R\ = Z/p Ql Z and mi = p Ql_1 . In this case, by (b) of Theorem 
13.11 Gr is Ramanujan if and only if p Ql > ((p Ql_1 /2) + l) 2 , which holds if and only if a± = 1 or 
2. 



S 



Now we assume s > 2. It can be easily verified that none of (a)-(e) in Theorem 13.21 can 
occur. In (f) of Theorem 13.21 we have s = 3, n?=i m i = 2j and hence p\ = 2 and n = 4j>2P3- 
The second inequality in (|3.1|) is equivalent to p-j < 2p2 — 3, yielding (c). 

In (g) of Theorem 13.21 we have s = 2 or 3, and Yl* = i mi = 1, implying ati = ■ ■ ■ = a s = 1. 
If s = 2, then n = pi£>2 with pi > 3, and ()3.2p is equivalent to p2 < 4pi — 5, leading to the 
first possibility in (d). Similarly, if s = 3, then n = 2p2P% with p2 > 3, leading to the second 
possibility in (d). 

In (h) of Theorem 13. 2\ we have s = 2 and n = 2 ai p2 2 with p2 > 3. The inequality (j3.3[) is 
mounted to 2 ai ~ 1 p2 2 " 1 < 2 (p 2 - 1 + \/p 2 (P2 ~ 2)) , which holds only if 2 ai ^ 1 p 2 t2_1 < 4 P2 - 4. 
This latter inequality holds only when 012 = landp2 > 2 Ql ~ 3 + l, (01,02) = (1,2), or (01,02) = 
(2, 2), and in each of these cases f)3. 3|) is satisfied, leading to (e). □ 



4 Ramanujan complements of unitary Cayley graphs 

Corollary 12.51 implies the following result. 

Theorem 4.1. Let R be a finite local ring. Then Gr is Ramanujan. 

In the general case where s > 2, we obtain the following: 

Theorem 4.2. Let R be as in Assumption \2.1\ with s > 2. T/ien G# is Ramanujan if and only 
if R satisfies one of the following conditions: 

(a) \Ri\/rrii = 2, 1 < i < s, and 

s 

Y[ mi < 2 S+1 - 3 + 2^ (2 s - 3); (4.1) 

i=i 

(b) 2 = \Ri\/m\ = ■ ■ ■ = \Rt\/mt < |-Rt+i|/m t +i for some t with 2 < t < s, and 

\R X \ < 2 x f\R\ - 3; 



(c) 2 = \Ri\/m\ < \R2\/m2 and 



\R X \ < 2y/\R\-2-l; 

(d) 3 < \Ri\/m\ and 
\R X \ 



— < - (2(\R 1 \/m 1 ) - 3) + ^(2(\R 1 \/m 1 ) - 3) z + (4\R\ - 9). (4.2) 
{\Ki\/mi) — 1 v 

Proof. Note that \Ri\/nii > 2, 1 <i < s, and by (|2.ip the degree of Gr is equal to 



1. 



Denote by \i the maximum absolute value of the eigenvalues of Gr other than \R\ — 1 — |i? x |. 
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Case 1: \R\\/m\ = \R 2 \/m 2 = • • • = \R s \/m s = 2. Since s > 2, we have \R X | + 1 = Ylt=i m i + ^ < 
\R\ - 1 - |JB X |. Thus, by Corollary 1231 n=\- A {1>2} - 1| = |i? x | +1 = Ui=i m i + L Hence 
is Ramanujan if and only if n?=i m « + 1 — ^\/ (2 s ~~ 1) Ili=i m « ~~ 2, which is equivalent to 
(HT), leading to (a). 

Case 2: 2 = \R\\/mi = ■ ■ ■ = \R t \/rrit < \Rt+i\/mt+i for some t with 2 < t < s. In this case one 
can verify that \R X | + 1 < \R\ — 1 — |i? x | and so // = | - A{ lj2 } - 1| = |i? x | + 1 by Corollary [231 
Thus G R is Ramanujan if and only if \R X | + 1 < 2y/\R\ - 2 - |i? x |, that is, |i? x | < 2^/j^f - 3, 
leading to (b). 

Case 3: 2 = \Ri\/mi < \R 2 \/m 2 . In this case, we have |i? x | — 1 < \R\ — 1 — \R X \ and 
H=\- A {1} - 1| = \R X | - 1. Thus, G R is Ramanujan if and only if \R X \ - 1 < 2 1 /|#| - 2 - 
leading to (c). 

Case ^; 3 < |i?i|/mi. In this case fx = \ — A^j — 1| = n^rc^~vri — 1 (< — 1 — |-R X |)- Hence 
Gr is Ramanujan if and only if ( \ R-jy m [)_i — 1 < 2y^R| — 2 — |i? x |, which leads to (d). □ 

Applying Theorems 14.11 and 14.21 to Z/nZ, we obtain the following corollary. 

Corollary 4.3. Let n > 2 be an integer. Then G^/nZ * s Ramanujan if and only if n is of one 
of the following forms: 

(a) n = p a with p a prime and a > 1; 

(b) n = 2 • 3 • 5, 2 • 3, 2 • 3 2 , 2 • 5, 2 2 • 3, 2 3 • 3, 3 • 5, 3 • 7 or 5 • 7. 

Proof. We use the notation before Corollary 13.31 Then |i? x | = Y\i = iP'j' i ~ 1 (pi — 1) = ^(n) and 
l-Ril/^i = Pi for each i. 

Case 1: n = p a . Then G%i n % = K n is Ramanujan by Theorem 14.11 

Case 2: n = 2 ai p2 2 ■ ■ -pf s , where s > 1. Then case (c) of Theorem 14.21 applies, and G z / n z is 
Ramanujan if and only if ip{n) < 2^Jn — 2 — 1. This condition is satisfied only if (p(n) 2 /n < 4. 
In particular, if s > 4, then by Lemma 12.81 ip(n) 2 /n > ip(n)/2 s ~ 1 > 4 and so G%/ n % is not 
Ramanujan. Assume s < 3 in the sequel. 

Case 2.1: s = 3. Since {pi — l) 2 > Pi(pi — 2), if ct\ > 3, a 2 > 2 or 03 > 2, then tp{n) 2 jn = 
2^- 2 pf- 2 pf- 2 {p 2 - l) 2 (p 3 - I) 2 > 1 a ^ 2 v7~ l vT\vi - 2)(P3 - 2) > 4, and so G z/nZ is not 
Ramanujan. It remains to consider the case where n = 2p 2 p 3 or 4:p 2 p 3 . 

If n = 2p 2 p 3 , then ip(n) 2 /n = (p 2 - l) 2 (p 3 - l) 2 /2p 2 p 3 > (p 2 - 2)(p 3 - 2)/2 > 4 if (p 2 ,p 3 ) + 
(3,5) or (3,7). Thus, unless (p 2 ,p 3 ) = (3,5) or (3,7), G^/ n z is not Ramanujan. It is easy to 
see that if (j>2;P3) = (3,5), then >~p{n) < 2-^/^ — 2 — 1 and so G^/nZ is Ramanujan, whilst if 
{P2,P3) = (3,7), then ip{n) > 2^Jn — 2 — 1 and so G^/nZ is not Ramanujan. 

If n = Ap 2 p 3 , then <p(n) 2 jn = (p 2 - l) 2 (p 3 - l) 2 /p 2 p 3 > (p 2 - 2)(p 3 — 2) > 4 unless 
(P2,P3) = (3,5). Moreover, if (^2,^3) = (3,5), then ip(n) > 2\Jn — 2 — 1. Hence G^/nZ is 
not Ramanujan when n = ^p 2 p 3 . 

Case 2.2: s = 2. In this case <p(n) 2 /n = 2 ai - 2 p 2 t2 ~ 2 (p 2 - l) 2 > 2 ai ~ 2 p 2 Y2 ~ l {p 2 - 2). From this 
one can see that ip(n) 2 /n > 4 if a x > 4, a 2 > 3 or p 2 > 7, or if n = 2 ■ 5 2 , 2 2 • 5 2 , 2 2 • 3 2 , 2 3 • 3 2 , 
2 3 • 5 or 2 3 • 5 2 . Thus, unless n = 2 ■ 3, 2 • 3 2 , 2 • 5, 2 2 • 3, 2 2 • 5 or 2 3 • 3, G z /nZ is not Ramanujan. It 
can be verified that in all these exceptional cases, except when n = 2 2 ■ 5, Gx/ n z 1S Ramanujan. 
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Case 3: n = p^p^ 2 • • -Ps s with p\ > 3. Then case (d) of Theorem 14.21 applies, and by (|4,2D . 
Gz/nZ is Ramanujan if and only if 

l^L < _( 2pi _ 3 ) + v /(2 Pl -3) 2 + (4n-9). (4.3) 
Pi ~ 1 

Note that this condition is not satisfied unless tp(ri) 2 /n < 4(pi — l) 2 . In particular, if s > 4, then 
by Lemma 12.81 ip(n) 2 /n > ip(n)/2 s > 4(pi — l) 2 and so G^/nZ is not Ramanujan. Assume 
s < 3 in the sequel. 

Case 3.1: s = 3. In this case, if ati > 3, «2 > 2, 03 > 2 or pi > 7, or if n = 3 2 p2P3, 5p2P3 or 
5 2 p 2 p 3 , then <^(n) 2 /n = IIi =1 pf ~ 2 (p* - l) 2 > ULlP^fa " 2 ) ^ " l ? and so ^z/nZ is 
not Ramanujan. Thus G^/nZ is not Ramanujan unless n = 3p2P3- Moreover, if n = 3p2P3 but 
(P2,Ps) + (5,7), then<^(n) 2 /n = 2 2 (p 2 -l) 2 (p3-l) 2 /3p2P3 > (pa-2)(p 3 -2) > 16 and so G z/nZ 
is not Ramanujan; if n = 3 • 5 • 7, then fj4.3[) is violated and again Gz/ n z is not Ramanujan. 

Case 3.2: s = 2. In this case, by Lemma 12.81 we have (p(n) 2 /n > </?(n)/2 = Pi 1_1 P2 2_1 (pi ~~ 
1)(P2 ~~ l)/2- Thus, if ax > 3, 02 > 3 or ai = ai = 2, then ip(n) 2 /n > 4(pi — l) 2 and so G z / nZ 
is not Ramanujan. In other words, G^/nZ is Ramanujan only when n = P1P2, P1P2 or PiP2- 

If n = P1P2, then (|4.3p is mounted to (p2 — 4) 2 < 4pi. Therefore, if n = 3 • 5, 3 • 7 or 5 • 7, 
then Gx/nZ is Ramanujan, and for (pi,P2) 7^ (3, 5), (3, 7), (5, 7), G%i n % is not Ramanujan. 

If n = pip 2 , then ip(n) 2 /n = (pi — l) 2 (p2 — l) 2 /pi > 4(pi — l) 2 . So G^/nZ is not Ramanujan. 

If n = p\p 2 , then ip(n) 2 /n = (pi - l) 2 (p2 - l) 2 /p2 > (P2 - 2)(pi - l) 2 . Thus, if p 2 > 7, then 
tp(n) 2 /n > 4(pi — l) 2 and so G^/nZ is not Ramanujan. If P2 = 5, then by (|4.3|) and again G z / n % 
is not Ramanujan. □ 



5 Energy of the line graph of a unitary Cayley graph 

The iterated line graphs of a graph G are defined by C l {G) = C{G) and C t+l {G) = C{C l (G)) 
for z > 1. It was proved in [57] that, if G is an r-regular graph of order n with r > 3, then 
£(£ i+1 (G)) = 2nr(r - 2) nJ=o ( 2J ' r ~ 2i+1 + 2 ) for 

every % > 1. However, there is no known 
closed formula for E{C{G)) even when G is regular, though E{C{G)) has been computed for some 
special graphs such as caterpillars and certain combinations of generalized Bethe trees 

Theorem 5.1. Let R be as in Assumption \2. 1\ Then 

2 S+1 {\R*\ - l) 2 , 



E{C{G R )) 



2 t+1 + 2\R\ (\R y 



if 2 = \Ri\/mi = ■■■ = \R s \/m s , 

or R = ¥ 2 x • • • x F 2 xF 3 ; 
^— . > 

s-l 

if 2 = \Rx\/mi = ■■■ = \R t \/m t < \R t+1 \/m t+ i 
with 1 < t < s and i? ^ F 2 x • • • x F 2 xF 3 ; 



s-l 



2I-RI (IR* 



«/3 < |i?i|/mi < < |-R s |/m s and R^¥ 3 



(5.1) 



In the special case where R = Z/raZ, Theorem 15.11 yields the following result. 
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Corollary 5.2. Let n = p^p^ 2 ■ ■ -p^ a be as in Corollary ] 3. 3i Then 

ifn = 3; 
ifn = 6; 

*fn = 2«i; (52) 
if 2 = pi and n ^ 6; 
if 3 < Pi and n ^ 3. 

A graph G with n vertices is called hyperenergetic [13] if E(G) > 2(n — 1). By Theorem 15. II 
we know exactly when C{Gr) is hyperenergetic, as stated in the following corollary. (The fact 
that C(Gr) is hyperenergetic when \R X \ > 4 can be also obtained from the following known 
result [T7]: If G has more than 2n — 1 edges, then C(G) is hyperenergetic.) 

Corollary 5.3. Let R be as in Assumption \2.1l Then C{Gr) is hyperenergetic if and only if 
one of the following holds: 

(a) \R X \ > 4; 

(b) s = 1 and \R\ = 2m > 8; 

(c) s>2, 2 = \Ri\/m x = ■■■ = \R s \/m s , and \R X \ > 2. 

Proof of Theorem 15.11 The proof consists of Lemmas 15.41 15.71 as follows. □ 



E(C(G z/nZ )) = < 



4(2 ai " 1 - 1) 

4+2n((nLiPr _1 fe-i))-2 
2rc(Yrc=ipr _1 (K-i)) 



Lemma 5.4. Let R be a finite local ring with maximal ideal M of order m. Then 
E(C(G R )) = 



4(|i? x |-l) 2 , if R/M = ¥ 2 , orR = ¥ 3 ; 



_ 2\R\ (\R X \ - 2) , otherwise. 

Proof. Let us begin with a few observations. Denote q = \R\/m. Then |i? x | = \R\ — m = 
(q - l)m > 1. Moreover, \R X \ = 1 if and only if R ^ F 2 , and \R X \ = 2 if and only if R ^ F 3 , Z 4 
or Z 2 [X]/(X 2 ). Similarly, \R x \-m= (q- 2)m > 0; \R X \ - m = if and only if R/M ^ F 2 ; 
\R x \-m = l if and only if R 2* F 3 ; and \R X \ - m = 2 if and only if R ^ F 4 . 
If R ^ F 3 , then £((7^) ^ C 3 and so E{C(G R )) = |2| + 2 • | - 1| = 4. 

If R/M ^ F 2 , then \R\/m = 2 and |i? x | = m. If R ^ F 2 , then £(G fl ) is an isolated vertex, 
which has energy 0. If R ^ F 2 , then |i? x | = m > 2, and by Corollary 12.61 

Spec(£(G fl )) = ( 2|jR I 2 ( |^x| ^ 1)2 

and so E(C(Gr)) = 4(|i? x | — l) 2 . In view of the computation above, this formula also applies 
wheni?^F 3 or F 2 . 

If R ¥ F 3 and R/M ¥ F 2 , then 2|i? x | - 2 > 0, \R X \ - m - 2 > and \R X \ - 2 > 0. The 
proof is straightforward by using Corollary 12.61 again. □ 
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Lemma 5.5. Let R be as in Assumption \2. 1\ with \Ri\/mi > 3 and s > 2. Then 

E(£(G R ))=2\R\(\R*\-2). 

Proof. By the definition of Ac and Assumption 12, 1| for every C C N, the corresponding 
eigenvalue in (a) of Corollary 12,61 is 

A c + |i? x | - 2 > ~ ^y mi + \R x \-2= f mi((|i2i|/mi) - 2) mi ((|^|/m0 - 1) ) -2 > 0. 



i=2 



Hence 



EiAc+i^M-n^ = e (-i) |ci i^ x i+ d^i-2)- 

CCN j£C 3 CCN \ j&C 3 



i^i-E(-i) |ci +(i^i- 2 )-En^ 

CCN CCNjGC 3 



s 

>X I 



LR X - 2 



Since \R X \ - 2 = UUiW - - 2 = ]J s i=l m, (G^l/m;) - 1) - 2 > 0, by Corollary M. 
E(C(G R )) = (l^ X |-2)n(l + ^) 

+ (1**1 - 2) • (|*| - II (l + ^)) + 1*1 (l* X ! " 2 ) 
= 2\R\ (\R X \ -2) . 



□ 



Lemma 5.6. Let R be as in Assumption \2. 1\ with \Rt\/rrii = 2, 1 < i < s, and s > 2. Then 

E(C(G R )) = 2 s+ \\R x \-l) 2 . 

Proof. Since \R X \ = ]J s i=1 mi > 1, \R X \ = 1 if and only if R { 9* F 2 for 1 < i < s. 

If i?j = F2 for 1 < i < s, then the spectrum of C(G R ) is with multiplicity 2 S ~ 1 . In this 
case, the energy of C{G R ) is 0. 

If not every Ri is F2, then \R X \ > 2 and by Corollary 12.61 

c (rtr w-f 2 I* X I - 2 l* x l "2 -2 \ 

peCl { R)) \ 2 s - 1 \R\-2 S 2 s - 1 + \R\(\R x \-2)/2 J ■ 

Since \R\ = 2 S \R X \, we have E(C(G R )) = (2\R X \ - 2)2 S ~ 1 + (\R X \ - 2) (\R\ -2 s ) + 2(2 S ~ 1 + 
\R\(\R*\ -2)/2) = 2 S+1 {\R X \ - l) 2 . □ 
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Lemma 5.7. Let R be as in Assumption \2.1\ with 2 = \R\\/m\ = ■ ■ ■ = \R t \/mt < \Rt+i\/mt^ 
for some t such that 1 < t < s. Then 

2 S+1 (\R X \ - l) 2 , ifR = F 2 x ••• x F 2 xF 3 ; 



E{C{G R )) 



s-l 

>t+l 



2 t+L + 2\R\ (\R X \ - 2) , otherwise. 

Proof. First, |i? x | > 2. Denote by Ag CC —2) the second smallest eigenvalue in (a) of 
Corollary 12.61 Then 

l^ X | 



^sec — 



1^+ilM+i 

/ 8 



= (\Rt +1 \/m t+1 - 2) JJ mj J] (|^|/m 4 - 1) - 2 > -1. 

\i=l / \i=t+2 / 

Thus Ag ec = —1 if and only if s = t + 1, |i2j + i|/m t+ i = 3 and JliLi m « = !• That is, Ag ec = — 1 
if and only if i? = F 2 x • • • x F 2 xF 3 . In all other cases, we have Ag ec > 0. 

t 

If i? = F 2 x • • • x F 2 xF 3 , then by Corollary [27 



Spec(£(G R )) 
Since |_R X | = 2, we obtain 



2 1-1-2 
2 t-i 2 * 2* 2*" 1 



E{C{G R )) = 2 • 2'" 1 + 1 • 2* + 1 • 2* + 2 • 2 t_1 = 2* +2 (| J R x | - l) 2 . 
If 7^ F 2 x • • • x F 2 XF3, then Ag ec > and so —2 is the unique negative eigenvalue. Since 

s v y 

t 

by Corollary 12.61 the multiplicity of —2 is 2* _1 , we have 

£i^+m- 2 i-n^ = 

CCAf jeC J CC7V 



n 


1^1 


V'ec 





2^ + (ii?x|-2)n(i+ffl). 



Therefore, 

E(C(G R )) = 2 t+1 + (\R x \-2 



+ - 2) . U| - n (1 + ^) j + m (\r x \- 2) 

2 m + 2|ii|(| J R x |-2). 

□ 
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6 Spectral moments of unitary Cayley graphs and their line 
graphs 

Theorem 6.1. Let R be as in A s sumption 1 2. 1\ Then, for any integer k > 1, 

s 

s k (G R ) = l^infl^l*" 1 -^)*" 1 ) 



1=1 

k 



s k (C(G R )) = lj2(^y\R x \-2) k ^ Sj (G R ) -(-2)^ 1 |i?|(|i?x|-2) 



(6.2) 



To prove this we need the following lemma. 
Lemma 6.2. Let G be an r-regular graph of order n. Then 



(r - 2) k - j Sj (G) - (-2) fc - 1 n(r - 2). 



Proof. Since G is r-regular, the eigenvalues (see [U Theorem 2.4.1]) of C(G) are Aj + r — 2, for 
i = 1, 2, . . . , n, and —2 repeated n(r — 2)/2 times, where Ai, A2, • • • , A n are the eigenvalues of G. 
The result then follows from a straightforward computation. □ 

As a consequence of Lemma [2 .31 we have Sfc(G(S>-£f) = Sfc(G) -s^iH). In general, by induction, 
we see that the fe-th spectral moment of the tensor product of a finite number of graphs is equal 
to the product of the fe-th moments of the factor graphs. 

Proof of Theorem 16.11 By Lemma E 



s k (G Ri ) = \R*\ k + (-mO* • ^ = \R*\ • (Wl'- 1 - (-m^" 1 
Since Gr = ®* =1 as mentioned in 321 from the discussion above we obtain 

s k (G R ) = i[s k (G Ri ) = fl\RX\(\R*\ k - 1 -(-m t ) k - 1 ] 

S=l 1=1 

= |i?x|Jj(|i?X|fe-l-(- m ^-l), 

i=l 

which is exactly (|6.1|) . 

Since G R is |i? x [-regular with order \R\, (|6.2p follows from Lemma 16.21 and (|6.ip . □ 

Denote by 713(G) the number of triangles in a graph G. Since 83(G) = 6713(G) [3], Theorem 
16.11 implies the following formulae. 

Corollary 6.3. Let R be as in Assumption \2. 1\ Then 
n 3 (G R ) = ±\R*\\R\f[(\B*\-7rH) 

i=l 

n 3 (£(G R )) = ±\R*\\R\ ^{\R*\ - mi ) + {\R*\ - l) {\R*\ - 2)j . 
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Denote by n±(G) the number of quadrangles (4-cycles) in G. It is well known [3] that, 
if G is a graph with n vertices, m edges and degree sequence (di,d,2, ■ ■ ■ ,d n ), then 84(G) = 

2m + 4^™ =1 f ^\ + 8724 (G). This and Theorem 16.11 together imply the following formulae. 
Corollary 6.4. Let R be as in Assumption \2. 1\ Then 

n 4 (G R ) = ^\R X \\R\ (l-2\R x \+^(\R x \ 2 -\R x \m i +m^j 
n A (C(G R )) = l\R x \\R\ ^ x |(| J R x |-3) 2 -5 + 4(| J R x |-2)] f [(|i?, 

+n(ii?ri 2 -KK+mf)). 



t\-mi 
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